



































































































































Prop Given a parametrization XI with Tps span Iu Iu

the shape operator S dNp Tps Tps
is given by the matrix

S gig Ai

Proof By definition

S Zz DN Iz Zun a Zu t b Zu

S Zzz DN Iz Zun o Zu t dZuz

Written as matrices

fate stiffen l L

1 lt H t H aHl L

Aig Gi

Multiplying Lij yields
D






































































































































Normal curvatures do Carmo 3 2

We now want to interpret the 2nd f f A as

evaluating the curvature of certain plane curves

lying on S

Recall N

of K ex N

T with orientation T N
x
pb a l

Let S E 1123 be a surface oriented by N

Fix PE S and a unit tangent vector V E Tps

consider the oriented plane pr
Np

Pv span fr Np o

Pos orientation
S

which cuts 5 along some regular
curve why p b a l

d C E E S s t Aco p x'cos

which can also be regarded as a plane curve on Pv

with curvature ku C x o Np C



Np
D

S D V On the other hand since 2 E S

FM x'is CTais S T s

L N'CS N acs IO VS

Differentiate
w.r.es N'lol Np X'lol dNp a'cos o

at 5 0 Ku Al v v

i e A V.V k normal curvature along v

By the variational characterization of eigenvalues

the principal curvatures atp are

Ki min ku K Max ku
CTps VE 1ps

HUH 1 HUH 1
I



Example Cylinder Pu

S Py FP

R vz T.si Qky pL

p
Np Pu L

V
Pv

FP

2 Ky 0

L

we have the following local picture of surfaces

S S
p o

t
t

s

P

K O K o k s 0

elliptic planar1 parabolic hyperbolic



Totally Umbilic Surfaces

Thm S E 1123 Connected S is contained in

totally umbilic a plane or sphere

Proof Recall that totally umbilic means

K Cpl Keeps at every p ES

i.e 7 function F S B St

S d Np f p Id Tps Tps
Ex Show that f is smooth

For any parametrization ICU
V on S

Isis I
f Ei

IEEE.it E
I N ZfFE IE

SUZU

IEEE IEEE
If Fut Io I 2nF ZF 1in indep

i e f is locally constant r S connected



Case 1 f o N const plane

Case 2 f c to

Claim S is contained in a sphere of radius

It suffices to shows

I t I N z const po
center of the sphere

f
Note that i

GX

3 ulet.fm FEtftFuN o

Similarly

Zu Et ft N o

This proves the claim since 5 is connected

D





By Spectral Theorem the self adjoint operator

S dwp Tps Tps diagonalizable

Eigenvalues K Kz principal curvatures
atpeigenvectors V vz principal directionsunit

Def PE S is an umbilic point Ki Kz at P
S is totally umbilic every p e S is umbilic

Examples

Plane Sphere Cylinder

Ii i n

K Kz O K Kz

K Kz O
n

l I p
not umbilic

totally umbilici


